Abstract. We consider totally interpolating biorthogonal multiwavelet systems with finite impulse response two-band multifilter banks, and study balancing order conditions of such systems. Based on FIR and interpolating properties, we show that approximation order condition is completely equivalent to balancing order condition. Consequently, a prefiltering can be avoided if a totally interpolating biorthogonal multiwavelet system satisfies suitable approximation order conditions. An example with approximation order 4 is provided to illustrate the result.
Introduction
The approximation order property (or vanishing moments condition) plays a crucial role in many application problems. It is well known that in the scalar wavelet case, if a scaling function has approximation order M ≥ 1, then the associated low-pass filter/high-pass filter preserves/cancels discretetime polynomial signals up to degree M − 1. Such result does not hold in multiwavelet systems. Furthermore, since a discrete multiwavelet transform employs multi-input/multi-output filter banks, a prefiltering is a prerequisite in various practical applications [7, 17, 18, 19] . As an alternative approach, Lebrun and Vetterli introduced the notion of balancing order for orthogonal multiwavelet systems [11, 12] . As a general rule if an orthogonal multiwavelet system is balanced of order M , then it has an approximation order at least M but the converse is not true in general.
This paper is mainly concerned with relationships between approximation order and balancing order conditions of compactly supported totally interpolating biorthogonal multiwavelet systems with FIR property and multiplicity 2. We follow the definition of the balancing order generalized to biorthogonal setting [1] and apply it to interpolating biorthogonal multiwavelet systems with FIR property. It turns out that the concept of approximation order is completely equivalent to that of balancing order in this setting. Several examples of balanced interpolating orthogonal multiwavelet systems [10, 15] are known. It was shown that any compactly supported interpolating orthogonal multiscaling function providing approximation order M is balanced of order M by using Plonka factorization [9] . Our result is based on a different approach and can be regarded as a biorthogonal analogue. Consequently, as is mentioned in [1, 11, 18, 19, 21] , a prefiltering can be avoided if a totally interpolating biorthogonal multiwavelet system satisfies suitable approximation order conditions. This paper is organized as follows: basic notations and elementary facts on biorthogonal multiwavelet systems with the interpolating property are introduced in Section 2. In Section 3, we introduce the definition of the balancing order for biorthogonal multiwavelet systems. Based on a simple characterization of balancing order condition in terms of the dilation coefficients the main result is stated and proved in the same section. Finally, to illustrate our result, an example with approximation order 4 is provided.
Preliminaries
We consider a multiresolution analysis (MRA) of multiplicity 2 that is a nested sequence {V n } of closed linear subspaces in L 2 (R) [3, 6, 16] . A vector
T is called a multiscaling function if
for some 2 × 2 real matrices P ℓ . The Fourier transform is defined bŷ 
where the two-scale matrix symbol (or the refinement mask) P (ω) corresponding to Φ is given by P (ω) :
, where * stands for the complex conjugate transpose [14] . A pair of L 2 -stable multiscaling functions Φ andΦ associated with matrix refinement equations
where ⟨f , g⟩ :
Here and in the sequel, I n and 0 m×n denote the n × n identity matrix and the m × n zero matrix, respectively. Let Ψ andΨ be multiwavelets associated with Φ andΦ, respectively. They are given by
where Q ℓ andQ ℓ are 2 × 2 real matrices. The pair multiwavelets {Ψ,Ψ} is said to be biorthogonal if
for all k ∈ Z. By taking Fourier transform, one can rewrite (2), (3), and (4) as
We say that a multiscaling function Φ provides approximation order M ≥ 1 if there exist vectors y
for all t ∈ R and m = 0, . . . , M − 1. A multiscaling function Φ is said to be interpolating if it satisfies the condition [
If each function in a biorthogonal multiwavelet system {Φ,Φ, Ψ,Ψ} has interpolating property, then this system is said to be totally interpolating [21] .
In what follows, we consider totally interpolating biorthogonal multiwavelet systems {Φ,Φ, Ψ,Ψ} which are FIR two-band multifilter banks. We further assume that both Φ andΦ are L 2 -stable and compactly supported. For a sequence A k of 2 × 2 real matrices, we let A 
where
For convenience, we let c 
for some real constant C ̸ = 0 and some odd integer m ′ .
Based on biorthogonality and FIR conditions, we showed the following [2] : 
for n = 0, . . . , M − 1.
Balancing order
Define the block Toeplitz matrices L : l 2 (Z) → l 2 (Z) and H : l 2 (Z) → l 2 (Z) corresponding to the low-pass analysis and high-pass analysis of Φ and Ψ, i.e.,
Similarly, defineL andH corresponding to the low-pass analysis and high-pass analysis ofΦ andΨ. Lebrun and Vetterli [11, 12] introduced the balancing order condition for orthogonal multiwavelets. We follow the definition by [1] generalized to biorthogonal setting. Recall that the biorthogonality provides
i.e.,
2L
TL + 2H TH = I and 2LL T = I,
where I is the identity block series and 0 is the zero block series, respectively.
In view of the biorthogonality property, one can see that 2L
Unlike the orthogonal case, balancing property of Φ orΦ does not lead to that of Ψ orΨ. In other words, 2L From the definition of balancing order and the biorthogonality, we observe that u 
In general, balancing condition of order M implies approximation property of order M , but the converse is not true in general. Therefore, it is interesting to ask under what circumstances balancing of order M (discrete time property) is equivalent to approximation of order M (continuous time property). We prove the equivalence for totally interpolating biorthogonal multiwavelet systems.
Under the totally interpolating condition, balancing order condition can be rephrased in terms of two scale coefficients. 
Proof. Condition (18) is equivalent to
One can easily check that (22) and (23) are equivalent to (20) and (21), respectively. □ One can easily check (20) and (21) for the examples provided in [21] .
We are now ready to state and prove our main result. Proof. It suffices to prove the necessity. Suppose that both Φ andΦ have approximation order M and P (ω) andP (ω) are both FIR filters in (10). If we substitute (14) and (15) into (20), the binomial theorem provides the following:
for k = 0, . . . , M − 1. Substituting (16) and (17) into (21) leads to
Next, we will show I := ∑ j∈Z (2j + 1)
Recall the following formulas [2] :
Hence, (16) and (17) imply for ℓ = 0, . . . , M − 1
Therefore, we have
for k = 0, . . . , M − 1. Similarly, from (14) and (15) we obtain
for n = 1, 2 and j ∈ Z, we get 
i.e., it suffices to use (18) for the balancing order of {Φ, Ψ} in our system. Hence {Φ, Ψ} is balanced of order M . Similarly, {Φ,Ψ} is also balanced of order M . □ Example. Based on a method introduced in [2] , one can construct a biorthogonal multiwavelet system with approximation order 4: The multiscaling functions and wavelets are shown in Figures 1-4 . According to Theorem 3.3, the system has desired balancing order 4.
